Abstract-In this letter, we investigate an application of a generalized polar decomposition of the Mueller matrix for polarimetric synthetic aperture radar (Pol-SAR) classification. Six rollinvariant parameters (diattenuation, retardance, polarization power, depolarization anisotropy, depolarization power, and transmittance) are selected as features for the classification of scattering types. Experimental results using the AIRSAR data over Flevoland show that, for most field types, the D−R−A Δ − Δ−m 00 set provides the highest classification accuracy, followed by the D−R−P Δ −Δ−m 00 set which also provides better accuracy than the widely used H −α−(δ −γ)−A−span set. The proposed method would be valuable for Pol-SAR interpretation.
I. INTRODUCTION
R ETARDERS and diattenuators are widely employed in polarimetric optics. For example, polarizers and wave plates have been used as diattenuators and retarders in the design of optical fibers and photonic devices, respectively [1] . In addition, they are also used in plasma physics, LED technology, and microwave transmission systems [1] . Recently, they have been deployed in biomedical applications, such as the measurement of noninvasive tissue glucose levels, monitoring regenerative treatments of myocardial infarction, and distinguishing normal and cancerous gastric samples [2] .
Concerning polarimetric synthetic aperture radar (SAR), a lot of research has gone into the decomposition of the covariance or coherency matrix as the summation of three or four components, and the product decomposition proposed by Cloude and Pottier is widely applied. However, the polar decomposition of retarders and diattenuators has received very little attention. In 2007, Souyris and Tison focused on the polar decomposition of bistatic SAR images based on the quaternion formalism [3] . Gil applied the polar decomposition to nondepolarizing Mueller matrices [1] . Lu and Chipman took the depolarization into consideration and developed a generalized polar decomposition of the depolarizing Mueller matrix [4] .
In this letter, we use a generalized polar decomposition and apply it to polarimetric SAR (Pol-SAR) processing. The Mueller matrix is decomposed as the product of the retarder, diattenuator, and depolarizer. Six roll-invariant parameters, namely, diattenuation, retardance, polarization power, depolarization anisotropy, depolarization power, and transmittance, are selected as features for classification. The classification feasibility of these parameters was tested using the AIRSAR data over Flevoland. Results show that classification accuracies are even better than those obtained using the well-known
Section II introduces the concepts of the retarder and diattenuator. Section III presents Lu and Chipman's algorithm for the generalized polar decomposition of the depolarizing Mueller matrix, while Section IV investigates the roll-invariant parameters from this decomposition. Section V demonstrates the performance of several feature sets for polarimetric SAR classification. The conclusion and future works are drawn in Section VI.
II. RETARDER AND DIATTENUATOR
The Jones scattering matrix can be expressed in the form of Pauli matrices
where k 0 , k 1 , k 2 , k 3 are the coefficients of J on Pauli bases
There are two types of Jones matrix with special physical meanings: retarder J R and diattenuator J D . The retarder only causes phase changes of its eigenpolarizations. For a retardance vector
where the retardance R andR are the norm and normalized vector, respectively; a 1 , a 2 , a 3 are the real components ofR, and the corresponding retarder is given by [1] , [2] , [4] 
Using the relationship between the Jones and Mueller matrices, the expression of the retarder in the Mueller matrix is [1] , [4] , (4) , shown at the top of the next page, m R can be explained as an operator rotating the Poincare sphere around the axisR by the angle of R. Conversely, if M R or m R is given, the retardance is derived as [4] 
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The diattenuator only changes the amplitudes of its eigenpolarizations. For a diattenuation vector
where D is the norm andD is the normalized vector;
are the real components ofD, and the diattenuator is [1] , [2] , [4] 
where
III. GENERALIZED POLAR DECOMPOSITION OF THE MUELLER MATRIX Lu and Chipman proposed a generalized polar decomposition [4]
where M Δ is the depolarizer
The main process of the generalized polar decomposition is as follows [4] : For the given Mueller matrix
The next step is to decompose M as
where m = m Δ m R . Since m Δ is a semidefinite symmetric matrix and m R is an orthogonal matrix, the singular value decomposition (SVD) can be applied to processing m
where μ 1 ≥ μ 2 ≥ μ 3 ≥ 0; U and V are real orthogonal matrices. Thus
Now, we look back to the depolarizer M Δ . The depolarization power of M Δ is defined as [4]
P Δ is the polarization vector in M Δ , and its module can be considered as the polarization power of M Δ 
Obviously, m 00 is roll invariant. From (9) and (19), we have
T . Thus (21), shown at the bottom of the next page. Similarly, the roll invariance of R and D can be validated. Since Ω(θ) is an orthogonal matrix
Therefore, Δ = 1 − [tr(M Δ ) − 1]/3 is also roll invariant. These roll-invariant parameters are free from the rotation angle around the radar line of sight and hence may be suitable as features for classification [5] , [6] .
In order to make a comparison, we process the coherency matrix by Cloude-Pottier decomposition [7] where λ 1 , λ 2 , λ 3 are the eigenvalues of the coherency matrix T, shown at the bottom of the page. Several widely used parameters can be derived as [7] 
where P i = λ i /(λ 1 +λ 2 +λ 3 ). H, α, A, and span are obviously roll-invariant parameters. According to [6] , (δ − γ) is also roll invariant when the helicity τ is zero. In the next section, these five parameters (H, α, (δ − γ), A, span) are taken as the reference to validate the classification capability of the roll-invariant parameters derived from the generalized polar decomposition.
V. PERFORMANCE DEMONSTRATION
The AIRSAR data over Flevoland were used for performance testing of the parameters derived from the Mueller matrix. As shown in Fig. 1 , the area consists mainly of fields of different crops. Calculating the roll-invariant parameters from the Mueller matrix, the results of which are presented in Figs. 2-6 .
The ground truth [8] , [9] is given in Fig. 7 . Taking 200 pixels randomly from each field type (200 × 11 = 2200 pixels in total), the scatter diagrams are presented in Figs. 8 and 9 . We tested the capability of these five parameters (D−R− P Δ −Δ−m 00 ) to identify the field types by taking them as features for SVM classification, with 2000 pixels from each field for training (22 000 pixels in total) and all pixels in the ground truth for testing (123 176 pixels in total). P Δ (θ) = (P Δ1 cos 2θ + P Δ2 sin 2θ) 2 + (−P Δ2 sin 2θ + P Δ2 cos 2θ) The original SVM was designed to differentiate only two classes [10] , while there are 11 classes in our case. Thus, the multiclass SVM was adopted [11] , with the major steps as follows: First, the hyperplane between each two field types is constructed from training data, with the five roll-invariant parameters as features; thus, we get 11 × 10/2 = 55 deciders (SVMs). Then, for each pixel in the testing area, these two-class deciders give 55 classification results. The pixel is attributed to a field type with the highest count in these classification results.
In Figs. 5 and 9, the classification capability of P Δ is not quite clear enough. However, by considering the depolarization anisotropy A Δ as a replacement for P Δ , an improvement can be made. A Δ is obtained from
where μ As a comparison, we take the well-known H−α−(δ−γ)− A−span as the feature set for SVM classification. The corresponding results are presented in Fig. 11 .
Classification accuracies are given in Table I, To further improve classification accuracy, the feature sets can be extended to the combination of parameters derived from the generalized polar decomposition and the other commonly used parameters. Unsupervised classifications could be investigated with these feature sets.
Moreover, SSCM and ICTD based on Touzi decomposition [6] are powerful techniques for recognizing scattering characteristics; thus, the comparison between the Touzi decomposition and the proposed method would be the next issue to be investigated.
In addition, as pointed out in [12] , the parameter α obtained from the Cloude and Pottier decomposition is closely related to retardance R in some special cases, and entropy H can be relevant to the depolarization power of the Mueller matrix. The relationships between these parameters are notable theoretical problems for future works.
